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Aeroassisted Orbital Maneuvering Using Lyapunov
Optimal Feedback Control

Byoungsoo Lee and Walter J. Grantham
Washington State University, Pullman, Washington

For advanced space transportation systems, such as the National Aerospace Plane or the Orbital Transfer Vehicle,
the use of aeroassisted orbital transfer from a high Earth orbit to a low Earth orbit will require an optimizing
closed-loop feedback controller, not only to achieve significant fuel savings, but also to compensate for large,
unpredictable fluctuations in atmospheric density. We present a Lyapunov optimal function minimizing feedback
control algorithm incorporating a preferred direction of motion at each state of the system, opposite to the gradient
of a specified "descent function." Lyapunov optimal feedback control is compared to an approximate minimum-fuel
calculus of variations open-loop optimal control algorithm based on the 1962 U.S. Standard Atmosphere. The
performance of the two controllers is simulated against both the 1962 U.S. Standard Atmosphere and an atmosphere
corresponding to the STS-6 Space Shuttle flight, which contains density fluctuations on the order of + 40% compared
to the U.S. Standard Atmosphere. In the STS-6 atmosphere the calculus of variations open-loop controller fails to
achieve optimal atmospheric exit conditions. In fact, it fails to exit the atmosphere. The Lyapunov optimal feedback
controller is able to achieve not only atmospheric exit, despite the ± 40% density fluctuations in the STS-6 atmo-
sphere, but also achieves essentially the optimal (minimum-fuel) exit conditions.

Nomenclature
a — descent function ellipse semimajor axis
b = descent function ellipse semiminor axis
B = pSheCL/2m
c = R/he
CD — drag coefficient
CDo = value of CD when CL = 0
CL — lift coefficient
CL = value of CL at (L/Z))max
E = total energy
h = altitude
H = Lyapunov optimization function
HEO = high Earth orbit
K = coefficient in parabolic drag polar
L/D = lift-to-drag ratio
LEO = low Earth orbit
M — mass of Earth

m
P
r
rl
r2
rp
R
RE
S

u
U
v
V
AF
W
x

vehicle mass
matrix for quadratic descent function
radial distance from Earth's center
radius of HEO
radius of LEO
radius of target perigee
radius of atmosphere
radius of Earth
effective vehicle surface area normal to velocity
vector
CL/CL = nondimensional control variable
control constraint set

inertial speed
impulsive change in inertial velocity
descent function
state vector = (xl9x2,x3)
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-rjR= nondimensional radius
= angle from the descent function gradient vector
= flight path angle
-P/P
- gravitational constant
= orbital angular position
= atmosphere density
= value of p at h = 0 km
= value of p at h = 40 km

= descent function ellipse rotation angle

Subscripts indicating location
e
f
1
2
A
P

= at atmospheric entry
= at atmospheric exit
= at HEO radius
= at LEO radius
= at apogee
= at perigee

I. Introduction

VARIOUS missions for advanced space transportation
systems, such as the Orbital Transfer Vehicle (OTV) and

the National Aerospace Plane (NASP), involve transfers from
a high Earth orbit'(HEO) to a low Earth orbit (LEO). For
example, a vehicle might transfer a payload to a geosyn-
chronous orbit and then rendezvous with either a shuttle or a
space station, possibly in a different orbit plane. For such mis-
sions, significant fuel savings and increased payload capabili-
ties can be achieved by using the Earth's atmosphere for
changing the orbit plane and reducing the energy level to
achieve a lower orbit. This initial study considers only a planar
circular-to-circular HEO to LEO orbit transfer problem.

Aeroassisted orbital maneuvering will be particularly impor-
tant for the NASP, since the basic requirement that it be able
to conduct orbital operations by taking off and landing like
a conventional aircraft will severely limit its fuel carrying
capacity.

Two principal technical difficulties exist in the use of
aeroassisted orbital transfer, either for the OTV or the NASP.
One problem is the aerodynamic heating and nonequilibrium
aerothermodynamics associated with hypersonic flight in the
upper reaches of the atmosphere.1 The second problem, which
is the main focus of this paper, is the design of a guidance
algorithm capable of compensating for large unpredictable
fluctuations in atmospheric density: so-called "potholes in the
sky."1 To model this uncertainty in density, which can be on
the order of ± 40%, we use atmospheric data derived from the
STS-6 Space Shuttle flight.2

In order to exploit fully the fuel savings possible with
aeroassisted orbital transfers and to handle unpredictable den-
sity fluctuations, the guidance algorithm must be a closed-loop
feedback controller, computed as a function of the current
state of the system and its environment, rather than an open-
loop controller based on assumed future conditions along a
predicted flight path. For such a closed-loop algorithm we em-
ploy a Lyapunov optimal feedback control procedure that we
discuss in detail later.

In the past, approximate minimum fuel optimal controls
have been developed3 by solving calculus of variations nonlin-
ear two-point boundary value problems from a particular
starting state of the system to a desired final state. This yields
an open-loop algorithm based on an assumed atmospheric den-
sity model. When a large density fluctuation or other distur-
bance from nominal conditions is encountered, the open-loop
algorithm does not provide any corrective action. To achieve
closed-loop control, the calculus of variations two-point

boundary value problem would have to be solved either in
advance for every possible initial state of the system or in
real-time for each current state. Neither approach is feasible
for onboard guidance.

In this paper we develop a Lyapunov optimal feedback con-
troller and compare its performance with that of a calculus of
variations approximate minimum-fuel open-loop controller de-
veloped in Ref. 3. Both controllers are designed based on the
1962 U.S. Standard Atmosphere,4 but simulation results are
developed for both the 1962 U.S. Standard Atmosphere and
for the STS-6 atmosphere.

II. Minimum Fuel HEO-to-LEO Orbital Transfer
Consider an idealized minimum-fuel HEO-to-LEO transfer

illustrated in Fig. 1. A tangential retro-burn at the HEO radius
T! could be employed to decrease the velocity by an amount
AF! and inject the vehicle into an elliptical orbit with perigee at
the boundary of the atmosphere. When the vehicle arrives at
the boundary of the atmosphere at radius R, assume that the
vehicle could fly along the edge of the atmosphere until a cer-
tain amount of kinetic energy is converted to heat by drag.
After sufficient velocity has been depleted, the vehicle would
leave the atmosphere boundary tangentially, and a later circu-
larization burn would be employed to achieve LEO. For an
absolutely minimum fuel transfer, flight along the edge of the
atmosphere would occur at the largest possible radius, i.e., at
minimum density. In the limit, the drag would approach zero,
and the vehicle would require an infinite number of revolutions
to reduce its kinetic energy. This limiting case is not realistic for
the additional reason that the vehicle can not generate the lift
required to fly along the boundary of the atmosphere.

For a realistic transfer, illustrated in Fig. 2, a larger AFX is
required to ensure sufficient injection into the atmosphere so
that the desired kinetic energy reduction occurs before the
vehicle exits the atmosphere. The vehicle is constrained to
make less than one revolution in the atmosphere and should
exit nearly tangentially. Then, with zero lift, the vehicle climbs
in an elliptic orbit with apogee at the LEO radius r2, where the
required circular orbit is achieved by a tangential circularizing
burn which increases the velocity by an amount AF2.

In addition to a larger AFi required for a realistic transfer,
the final flight path angle yf is also larger than the ideal value
of zero in order to climb out of the atmosphere. Any yf larger
than zero leads to a larger AF2 than in the idealized case. The
characteristic velocity change AKj + AF2 for the idealized or-
bital transfer produces a lower bound on the fuel required for
the HEO-to-LEO orbit change.

A dimensionless expression for the characteristic velocity
change in a realistic transfer can be written by defining non-
dimensional radii

«/ = r,/R

and nondimensional velocity changes

HEO

Fig. 1 Idealized orbital transfer.
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HEO

Fig. 2 One-revolution minimum-fuel orbital transfer.

for i = 1, 2. As developed in Ref. 5, the dimensionless velocity
change for the HEO retroburn is given by

(i)
The dimensionless velocity change for the second circularizing
burn is

- (iy/oc2) cosyf (2)

The total characteristic velocity change required for aero-
assisted orbital transfer from HEO at radius rl to LEO at
radius r2 is

cosye - (vf/cc2) cosyf (3)

These results are derived from the conservation of angular
momentum outside the atmosphere. From these relations, the
idealized characteristic velocity change, in which both ye and yf
are zero, is given by

i^ + Ai?2 = (4)

III. Problem Formulation
The forces acting on the vehicle for planar flight in the atmo-

sphere are illustrated in Fig. 3. For the preliminary analysis in
this paper, we assume a Newtonian inverse square gravita-
tional field and a nonrotating atmosphere. The equations of
motion are given by

d0 V-=-cos7

dV
dt "'

pSCDV2

£— - —2m

(5)

(6)

(7)

(8)

The lift coefficient C ,̂ which is modulated by varying the angle
of attack, is physically limited by a maximum and minimum
value, given by

\CL\ * Qmax

and we assume that the vehicle has a parabolic drag polar

'CD = CDo + KC2
L (9)

where

Fig. 3 Forces acting on the vehicle in the atmosphere.

is the lift coefficient at the maximum lift-to-drag ratio

Using the dimensionless state variables:

Xi=hlhe; x2=V/,"

and parameters

t /.,.., c , A p/. . H P^e^L7; d=p /p ; c = R/he; B =

(10)

the equations of motion can be written in terms of the state
vector x = (xl,x2^ as

(12)

(13)

corresponding to

2(L/D)n
(14)

where (') denotes d( )/di and M is the lift control, with specified
control constraints

We do not include Eq. (5) because we are concerned with
circular-to-circular orbit transfer and the problem is indepen-
dent of 9. Equation (5) would be significant for elliptic-to-
elliptic orbital transfers.

IV. Calculus of Variations Open-Loop Optimal Control
The minimum-fuel optimization problem is to find a control

to minimize the total characteristic velocity, Eq. (3). An equiv-
alent formulation is to maximize

J = ve cosye/ai 4- Vf cos7y/a2 (16)
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From Ref. 5 the atmospheric entry and exit conditions must
satisfy the relations

(2 - r2)a2 - v2
e cos2ye = 0

and

(2 - i$ai - 2a2 + v} cos2yf = 0

(17)

(18)

which are derived from the conservation of energy and angular
momentum outside the atmosphere.

The difference between the value A ̂ required to target from
HEO to a perigee at the boundary of atmosphere and the value
A F! required to target at a perigee at the surface of the Earth
is only 13 m/s. However, AF2 is very sensitive to the value of yf;
such that the value of AK2 required for a given LEO transfer is
increased by 100 m/s for each degree above zero for yf. Conse-
quently, an approximate minimum-fuel problem can be formu-
lated by only minimizing AF2. The solution to this problem
was developed in Ref. 3 and will not be repeated here. How-
ever, the resulting open-loop controller was verified and simu-
lated for comparison purposes.

V. Lyapunov Optimal Feedback Control
Knowing that an exit trajectory with y^ = 0 leads to the min-

imum AF2 at the LEO, we employ a Lyapunov optimal con-
troller6'7 during the. atmospheric phase, with the objective of
forcing the exit flight path angle yfto be near zero but slightly
positive^ to ensure that the vehicle climbs out of the atmo-
sphere. Our design objective is to drive the system to a final
target state, x = (l,ty,0), in which x3 = 0 (or as close as possi-
ble), x2 satisfies Eq. (18), and xl=l9 with less than one revolu-
tion in the atmosphere.

A "descent function" W(x) may be thought of as being en-
tirely analogous to "distance" to the target, but, in general, it
can be any candidate Lyapunov-type function, i.e., any func-
tion such that if dW[x(f)]/dt <Q could be achieved then x(i)
would move to the target.

A differentiable scalar function W(x) is a descent function if,
and only if, the following conditions hold:

for all x ̂  x

ii)

iii) d W( x)/ax * 0 for all x ̂  x

A function u*(x) is a Lyapunov optimal feedback control
generated by a descent function W(x) if, and only if, for all
x ̂  x,

constraint wet/. For a "proper" descent function, the mini-
mum produces a unique direction of motion at each state x.

The Lyapunov optimal closed-loop controller tries, in a
"steepest descent" fashion, to move the system in a preferred
direction at each state, opposite to the gradient of the descent
function, or as close to this direction as possible given the
dynamics of the system, the constraints on the control, and the
actual current value of the atmospheric density, which we as-
sume can be measured.

For the case of acre-assisted orbital transfer, we chose the
descent function to be an ellipsoid such that the vehicle initially
flies with positive lift, to recover from its plunge into the atmo-
sphere, and then flies at negative lift, in such a way that the
vehicle climbs out of the atmosphere and exits with near zero
positive flight path angle and the desired exit speed.

The preferred direction of motion near the target state is
illustrated in Fig. 5 for the two state variables x1 and x3.

Using the parameters in Fig. 5, the equation of the descent
function chosen for the HEO-to-LEO aeroassisted orbital
transfer problem is given by

(20)

where

Pu = a2 sin2^ + b2 cos2(/>
/ L 2 2\ * JL. JL

^22 = b2 sm2(f> + a2 cos2<j)

and the target speed is

§ - cos2*3)

The (xi9x3) contours are elliptical, with semimajor axis a and
semiminor axis b. The ellipses are rotated clockwise by the

f(x,u*)

W[x(t)] = constant *
Target

Fig. 4 Gradient of the Lyapunov function and the velocity vector.

and

#[x,u*(x)]

for all ueC7 such that f(x,u) =^ 0, where

• N dW(x)]dx f(x,u)
||a^(x)/ax|| = cos/? (19)

|| • || denotes the Euclidian norm, and /5 is the angle between the
gradient vector dW/dx and the state space "velocity" vector
f(x,u), as illustrated in Fig. 4. A Lyapunov control improper if
H[x9u*(x)]<H[x9u] for all x ^ x and for all u€£7 such that
f(x,ii) * 0 and f(x,u)/||f(x,u)||^ f[x,u*(x)]/||f[x,u*(x)]||.

For a given descent function W(x\ a closed-loop feedback
control u(x) is computed directly by solving the function mini-
mization problem of minimizing //(x,ii) subject to the control

Target

Fig. 5 Preferred direction of motion.
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angle <j> in the xl — x3 plane. This descent function corresponds
to a preferred direction of approach to the target along the
semimajor axis illustrated in Fig. 5. That is, we want to ap-
proach the 7/sO flight-path condition at exit, but from a
slightly positive flight-path angle, so that the vehicle is climb-
ing out of the atmosphere.

VI. Simulation Results
Using the descent function TF(x) given by Eq. (20) and the

corresponding minimization function //[x,u], the lift control to
drive the system to the target is derived by minimizing //[x,u].

In order to minimize the //function, for the case where
\u\< wmax, we differentiate //with respect to u and set the result
to zero: dH/du =0, As shown in Ref. 5, this yields a fourth-
order polynomial in u, with coefficients that are functions of
the state variables x. Solving this polynomial, we get the con-
trol which minimizes H as one of four roots or as one of the
boundary values ± u^^. For the root finding scheme, we em-
ployed Newton-Bairstow and Quotient-Difference (QD) al-
gorithms,8 in which QD gives a rough initial value used in the
Newton-Bairstow method, with the local absolute error con-
trolled to less than 1.0 x 10~10.

As discussed in Ref. 5 a target perigee, rp, is chosen as in Ref.
3, with entry conditions (at ie = 0):

(21)

(22)

(23)

« = 7211 -!/(«! + a,)]

x3f = -cos-1 V[2ai - (2 - t>*

and exit conditions (rf unspecified):

(24)
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Fig. 6 STS-6 atmospheric density.

Using the initial conditions at entry, along with a computed
optimal lift control (either calculus of variations3 or Lyapunov
optimal), Eqs. (13-15) are integrated using a fourth-order
Runge-Kutta method. The parameters used for the descent
function are

a =40, 6=2, 0=0.4deg

For comparison with the results from Ref. 3, the following
vehicle and orbit parameters were used:

lQj<0.9

m/S ~ 300 kg/m2

r, = 42,241 km;
rp = 6400 km;

r2 = 6578.7 km

R = 6498 km

For these parameter values, the nondimensional lift constraint
is |w|<i/max = 2.9985.

The density of the atmosphere was approximated by a four-
teenth-order Chebyshev polynomial whose coefficients were
determined by a least-squares fit to the 1962 U.S. Standard
Atmosphere (US-62).4

Both the Lyapunov optimal feedback controller and the cal-
culus of variations approximate minimum-fuel controller were

10 ... 20
TIME FROM ENTRY(min)

Fig. 7 Time history of the calculus of variations open-loop control state
variables and lift control.

Table 1 The characteristic velocity changes and exit conditions

Idealized

Calculus of variations

US-62 STS-6

Lyapunov optimal

US-62 STS-6

ty, km/s
7/> deg
r2, km
AFj, m/s
AF2,m/s
AKi + AK2, m/s

7.856
0

6578.7
1485.626

24.056
1504.154

7.849 —
0.4 —

6578.7 —
1496.048 —

31.0 -
1527.048 —

7.856
0.4297

6600.9
1496.048

37.619
1533.668

7.875
015481

6663.6 .
1496.048

56.021
1552.069
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STS-6

10.5

STS-6
US-62

STS-6

10 20
TIME FROM ENTRY(min)

30

Fig. 8 Time history of the Lyapunov optimal closed-loop control state
variables and lift control.

tested against the US-62 atmosphere and against a fluctuated
atmosphere derived from the STS-6 flight of the Space Shuttle,
illustrated in Fig. 6. The calculus of variations controller does
not provide any corrective action against the density fluctua-
tions. It yields an open-loop algorithm based on the assumed
US-62 atmospheric density model. This open-loop controller
was implemented with fixed parameters, corresponding to
flight in the US-62 standard atmosphere. The Lyapunov opti-
mal feedback controller was designed using the US-62 atmo-
sphere, but it was implemented using the actual density.

Time histories of the state variables and the lift controls are
plotted in Figs. 7 and 8 for both the US-62 atmosphere and the
STS-6 atmosphere. The simulation results for the calculus of
variations open-loop controller are shown in Fig. 7. The Lya-
punov optimal feedback controller results are shown in Fig. 8.
The characteristic velocity changes and exit conditions for the
idealized transfer and for the calculus of variations and Lya-
punov optimal controllers are listed in Table 1.

VII. Discussion
The calculus of variations open-loop controller, operating in

the US-62 atmosphere for which it was designed, achieved an
exit flight path angle of yf = 0.4 deg at a speed of vf =
7.849 km/s. These conditions, and the total characteristic ve-
locity change of 1527.048 m/s required for the orbital transfer
are very close to the idealized values listed in Table 1.

As indicated in Fig. 7, in the STS-6 atmosphere, the calculus
of variations open-loop controller was unable to counteract the
large density variations. The vehicle failed to recover from its
plunge into the atmosphere and failed to exit the atmosphere.

The Lyapunov optimal feedback controller was designed
based on the US-62 atmosphere and a preliminary choice of a
descent function but without having to solve any calculus of
variations two-point boundary value problems. In the US-62

atmosphere the Lyapunov optimal controller achieved an exit
flight path angle of yf = 0.4297 deg at a speed of vf = 7.856
km/s. The AF2 value of 37.619 m/s, applied at apogee in the
exit-to-LEO transfer ellipse, yields a higher LEO radius
r2 = 6600.9 km than the target radius of 6578.7 km. The result-
ing total characteristic velocity change of 1533.668 m/s is also
higher than for the US-62 optimal calculus of variations
controller.

For the STS-6 atmosphere, the Lyapunov controller was
able to achieve a LEO, but at a somewhat higher radius
r2 = 6663.6 km than desired.

It should be noted that the Lyapunov optimal controller is
only a preliminary design and has only been simulated against
two possible atmospheres, although the atmospheric density
varied on the order of + 40% between the two test cases.
Further research is needed to design a game theoretic Lya-
punov optimal controller to handle a "worst case" atmosphere,
where the magnitude of the density variation can be anything
within specified bounds.

VIII. Conclusion
In the STS-6 atmosphere, the calculus of variations open-

loop controller was unable to counteract the density fluctua-
tions and the vehicle failed to exit the atmosphere. The
Lyapunov optimal feedback controller, which was designed
based on the US-62 standard atmosphere but without having
to solve any calculus of variations two point boundary value
problem, could achieve not only optimal exit conditions but
also a low Earth orbit, although at a somewhat higher radius
than desired. The Lyapunov optimal feedback controller is a
good candidate not only for a feedback guidance law but also
for onboard computation, since function minimization is much
easier to perform than calculus of variations.
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